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It is an old speculation that SU(N) gauge theory can alternatively be formulated as a string theory. Recently 
this subject has been revived, in the wake of the discovery of D-branes. In particular, it has been argued that at 
least some conformally invariant cousins of the theory have such a string representation. This is a pedagogical 
introduction to these developments for non-string theorists. Some of the existing arguments are simplified. 



1. Introduction 



It is an old speculation, motivated by work of 
Wilson 0, 't Hooft §, Polyakov f| and many 
others, that non-abelian gauge theories can al- 
ternatively be formulated as string theories. Re- 
cently this subject has been revived, in the wake 
of the discovery of Dirichlet-branes Q and the 
investigation of their properties. In particular, 
based on work by Polyakov || and Klebanov || , 
Maldacena JjJ has argued that at least N = 4 
super- Yang-Mills theory has such a string repre- 
sentation; the argument has been extended in Q , 
@ and in many other papers. 

The following is a summary of some of these 
developments, intended especially for non-string 
theorists. This is mainly a review, although I will 
use various new arguments and simplified deriva- 
tions. For a more complete review and an exten- 
sive list of references, see 

We consider SU(N) gauge theory with gauge 
field A^T a , where T a are the generators of SU (N) 
in the adjoint representation. The Lagrangean is 

c = 7 1 d ' x tr \ F » vF * v ' 

where F M „ = d^A^ + ^A^A,,] is the Yang- 
Mills field strength and g is the coupling constant. 
There might also be a certain number uf of mass- 
less flavors in the fundamental representation of 
the gauge group. 

An important property of the coupling con- 
stant g is that it flows under scale transforma- 

* Lecture based on talks given in Berlin, Bern and at Cern 
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Figure 1. Running coupling constant for QCD 



tions: 



d log y " 

where y, is the scale at which, e.g., scattering 
experiments are performed. The one-loop-beta 
function 

has a coefficient that is negative as long as the 
number of flavors is not too big. Then the theory 
is asymptotically free, flowing to weak coupling 
in the UV and to strong coupling in the IR. More 
precisely, in the UV 
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where A is the scale at which g becomes of order 
1 (~ 350 MeV in QCD). 

This behavior of the coupling constant means 
that perturbation theory in g is o.k. at short dis- 
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tances (say, much smaller than the size of a nu- 
cleus), but is useless in the IR where the theory is 
strongly coupled. But of course it is often the IR 
properties of gauge theories that we are particu- 
larly interested in. E.g., we would like to see that 
QCD accounts for quark confinement. In the sim- 
pler case of the pure gauge theory, we would like 
to see that the Wilson loop obeys an area law. 

When at least two flavors are present, we would 
like to see whether and how the global chiral 
symmetry is spontaneously broken to its diago- 
nal subgroup. And of course we would like to 
compute baryon masses and compare them with 
experiment, or (already in the pure gauge the- 
ory) compute glueball masses. Also, we would 
like to study QCD at finite temperature, i.e. un- 
der conditions present in the early universe. Is 
there a phase transition at some critical temper- 
ature, above which confinement is lost and chiral 
symmetry is restored? In order to adress any of 
these questions, we need methods to study non- 
abelian gauge theories at strong coupling. 

In this talk I will focus on the case n/ = with- 
out flavors. Then the coefficient of the quadratic 
beta function coefficient is simply proportional to 
N, and it is useful to redefine the coupling con- 
stant to A = g 2 N, such that N disappears from 
the flow equation: 



In particular, in the "planar limit" 

g -> , N -> oo, A = g 2 N fixed , 

only surfaces of spherical topology (genus 0) sur- 
vive. The question naturally arises, whether there 
is a continuum limit of this picture: if we go to 
the continuum limit of the gauge theory by tak- 
ing the lattice spacing a to zero while adjusting 
the bare coupling constant A such that the renor- 
malized coupling constant remains fixed, is then 
the partition function of the gauge theory given 
by a sum over closed continuous surfaces? I.e., is 
SU(N) gauge theory described by a string theory 
with string tension a and string coupling constant 



k = 



- J, ? 



TP 



In particular, is SU(N) gauge theory 
in the large-N limit described by some classical 
string theory? 
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A ~ -A with A = g 2 N . 



2. Lattice Gauge Theory 

One way of studying strongly coupled eu- 
clidean gauge theory is to regularize the theory 
by putting it on lattice with lattice spacing a, us- 
ing, e.g., the Wilson lattice action, and to then 
take the continuum limit. If the theory is consid- 
ered at large bare coupling constant Afc are , then 
the partition function and all correlation func- 
tions can be expanded in a power series in X~^ re - 
It is well-know that in this expansion e.g. the 
partition function can be written as a sum over 
closed surfaces on the lattice (Fig. 2), with some 
surface tension a, weighted by the 't Hooft factor 
N 2 ~ 2g where g is the genus of the surface: 

Z ~ cxp{-a • Area{Y,)} N 2 ' 29 . 

cl.surf.Tj 



Figure 2. Lattice versus continuum gauge theory 



The same questions can be asked for Wilson 
loops, i.e. for the trace of the path-ordered ex- 
ponential of the gauge field, integrated along a 
closed contour C: 

W{C) = <trPe$c A > . 

In the lattice theory at strong bare coupling, 
W(C) is given by a sum over surfaces on the lat- 
tice bounded by C (Fig. 3). Is in the continuum 
theory W(C) given by a sum over continuous sur- 
faces with some finite surface tension a, and can 
this be used to derive an area law for the Wilson 
loop? 
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Figure 3. Wilson loops 



There is, of course, a problem. The strong cou- 
pling expansion is an expansion in the inverse 
bare coupling constant. But the coupling con- 
stant runs. It runs in such a way that in order 
to keep the renormalized coupling fixed, we have 
to take the bare coupling constant (the coupling 
constant at scale ~ -) to zero: 



Thus we cannot trust the strong coupling expan- 
sion any more, and we cannot prove from the lat- 
tice regularization that the partition function is 
given by a sum over surfaces. 

One possible way out is to consider instead the 
J\f = 4 supersymmetric version of the theory. One 
of the nice properties of TV = 4 SU(N) super- 
Yang-Mills theory is that the coupling constant 
does not run: A = 0. So we can have a continuum 
theory that is simultaneously strongly coupled in 
the IR and in the UV. We will return to this case 
below and identify the string theory by which it 
indeed seems to be described, following the work 
mentioned above. As for the non-supersymmetric 
theory, we will say in the end which problem in 
two-dimensional conformal field theory needs to 
be solved in oder to decide whether it is a simple 
string theory or not. 

But for the moment let us stick with the non- 
supersymmetric theory, let us simply assume that 
it has a string representation, and let us study 
what consequences this would have. That is, we 



parametrize the surfaces that are bounded by the 
loop C by world-sheet coordinates £i , £2 ■ The em- 
bedding coordinates of the surface are X So 
we assume that the Wilson loop is given by a path 
integral 

W{C) ~ f [dX»] x (1) 

exp{-a / d 2 ^det d a X^d p X^}(2) 

Here we have used the Nambu-Goto world-sheet 
action, which expresses the area of the world- 
sheet in embedding space as the integral over the 
square root of the determinant of the induced 
metric on the world-sheet. In string theory, the 
tension er is conventionally called ^7 . The bound- 
ary values ,X" M (£i) are the embedding coordinates 
of the loop C. 

We would now like to review that if such a 
string theory of SU(N) gauge theory exists, it 
must have at least two perhaps unexpected prop- 
erties: first, the string theory must live in five 
- rather than four - dimensions; and second, it 
cannot be a bosonic string theory but is probably 
a superstring theory. 

3. D-branes in gauge theory 

Why does the QCD string have to live in more 
than four dimensions? Here we follow an argu- 
ment due to Polyakov ]Tl| ]. The nonpolynomial 
Nambu-Goto action is difficult to handle in the 
quantum theory. As is usual in string theory, 
we rewrite it with the help of an auxiliary two- 
dimensional world-sheet metric h a $: 

e -<7 J d 2 £y/dctd a X>*d l3 X„ ^ 

-> [[dh a p(O]e-°S d2 ^ ha0d " x " d e x » . (4) 

Classically, h is a non-propagating field. It is easy 
to check that the path integral over h has a saddle 
point where the auxiliary metric is equal to the 
world-sheet metric, 

h af s = d a X^d X„ . (5) 

The saddle point value of the integrand indeed 
reproduces the Nambu-Goto action. The embed- 
ding coordinates X^ are now free fields coupled 
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to the metric h. We will return to the boundary 
conditions for ft in a moment. 

A two-dimensional metric has three compo- 
nents, and there are two diffeomorphisms. Thus 
there is one gauge invariant degree of freedom 
which can be chosen to be the conformal factor. 
I.e., every two-dimensional metric, at least on a 
surface with the topology of a disc, can be written 
as 

h a p = e^hap , 

where h is an arbitrarily chosen background met- 
ric on the world-sheet that nothing physical can 
depend on. 

Now, classically, even the conformal factor <f> 
drops out of the action in (0). Quantum mechan- 
ically, there is the conformal anomaly: 

= Vh < T; > ~ c y/hRW = -2U<t> , 
o<p(x) * 

where c is the "central charge" . Integrating this 
equation shows that the effective action contains 
a piece proportional to 

J d 2 C^/hh a/3 d a (j)d f 3<j) . 

Comparing with (0), we see that the conformal 
factor enters exactly as if it were another embed- 
ding coordinate: the string effectively lives in the 
five-dimensional space (X 11 ,^)- 

Where in this five-dimensional space is the 
four-dimensional space in which the Wilson loop 
lives? To this end we consider the issue of bound- 
ary conditions for the metric h a p. In oder to be 
consistent with the saddle point equation (El) for 
h, we choose 

h n \c = dxX^diX^c . 

(More precisely, there is a zero-mode correspond- 
ing to constant shifts of cj>, which is now also fixed 
by this boundary condition.) Now, the back- 
ground metric h could be arbitrary, but it is con- 
venient to choose it such that at the boundary: 

h u \c = dxX^diX^c . 
This implies that, at the boundary, 

4>\c = . 



D-brane 




Figure 4. The Dirichlet-brane 



This is a Dirichlct boundary condition. It means 
that, although the bulk of the world-sheet can 
move in five dimensions, its boundary is restricted 
to lie on a four-dimensional hyperplane (see Fig. 
4). In string theory, such (p+ l)-dimensional hy- 
perplanes on which otherwise closed strings can 
end are called "Dirichlet p-branes". So at best 
we can hope to recover SU(N) gauge theory as 
the world-brane theory that lives on a Dirichlet-3- 
brane in a higher-dimensional string theory. This 
was the first remark. 

4. Fermionic Strings 

The second remark is that the string theory 
cannot be a bosonic string theory j|. To see this, 
let us first consider the simpler Ising model. It 
consists of spins <7j whose values can be either 
+1 or -1, sitting on the sites of a lattice. The 
energy of a configuration is the sum over all links 
< ij > of the product of the neighboring spins a% 
and aj . The partition function is the sum over all 
spin configurations, weighted with the Boltzmann 
factor: 

Z ising = ^2 exp{-/3 ^2 Wj) > 
{<n} <ij> 

where (3 plays the role oil/ g 2 in the gauge theory. 

Just like the partition function of the gauge 
theory can be written, in the strong coupling ex- 
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pansion, as a sum over closed surfaces, the par- 
tition function of the Ising model can be written 
as a sum over closed paths: 

cl. paths 

where L is the total length of the paths and M = 
log(2 tanh 0) can be interpreted as the mass of a 
particle moving on the lattice. So at first sight it 
looks as if in the continuum limit the Ising model 
was equivalent to a theory of free scalar particles, 
whose world-lines are these paths. 




Figure 5. Paths in the Ising model 



But we know that this is not true: instead, the 
Ising model in the continuum limit is equivalent 
to a theory of free fermions. An intuitive way 
to see this is the following. Consider the con- 
figuration of links drawn in Fig. 5. There are 
three ways to represent this lattice configuration 
in terms of closed paths, as shown on the right- 
hand side. So if we describe the Ising model by 
free scalar particles, we make a mistake: we count 
one configuration three times. We can correct the 
mistake by weighing each configuration with a rel- 
ative factor 

(-1)" , 

where n is the number of 360° rotations that 
the tanget vectors to the paths make as they go 
around the paths. This corrects the mistake be- 
cause it subtracts the middle path, but now we 
see that the particle behaves as a fermion: its 



wave function flips its sign when the particle is 
rotated by 360 degrees. 

There is no similarly clear argument for the 
case of surfaces on a lattice, but it is clear that 
there are plaquette configurations that we over- 
count if we interpret the sum over surfaces on the 
lattice as a sum over bosonic string world-sheets. 
And it is reasonable to expect that we can cor- 
rect this mistake by introducing fermions on the 
string world-sheet. 

One can now try to guess or derive from first 
principles just what kind of fermionic string it 
is that we need. This has in fact been tried for 
a long time Jl2j without clear result. But there 
is a simple string theory that contains fermions 
on the world-sheet and admits Dirichlet-3-branes: 
this is the type IIB string theory. Type IIB string 
theory lives in 10 - not in 5 - dimensions. But it 
can be turned into a 5-dimensional string theory 
by Kaluza-Klein "compactification" on a compact 
5-dimcnsional manifold K 5 , such as the 5-sphere 
S 5 . So in the following let us simply "try out" 
these 5-dimensional superstring theories: that is, 
instead of starting with a gauge theory and trying 
to construct a dual string theory out of it, we start 
with these string theories and try to see what kind 
of gauge theories on the 3-brane they describe. 

To admit it right away: following Maldacena 
0], we will get not the standard SU(N) Yang- 
Mills theory but - depending on what the com- 
pactification manifold K 5 is - various of its con- 
formally invariant cousins, including the N = 4 
supersymmetric theory. So the target will be 
missed, but not by too much, and we will men- 
tion in the end how one might be able to get to 
realistic gauge theories. 

5. The open bosonic string 

The purpose of the next three sections is to ex- 
plain that the picture in figure 4 is oversimplified 
in the following respect. It might seem as if the 
3-brane was just a fictitious object that sits in 
flat, empty 5-dimensional embedding space with- 
out affecting it. This is not true. First, it turns 
out that the 3-brane is electrically charged, in a 
sense that I will explain; in the case of SU(N) 
gauge theory, the charge is proportional to N. 
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And second, the 5-dimensional space around the 
D-brane is curved. It turns out to be anti-de Sit- 
ter space AdSs. 

In order to explain these points, we need to 
spend a few minutes reviewing some basic facts 
of string theory. To keep things simple, it is useful 
to first consider the open bosonic string without 
D-branes (Fig. 6). That is, the boundary of the 
string world-sheet is allowed to fluctuate all over 
the embedding space, which in the case of the 
bosonic string is 26-dimensional. 



is as follows: In section 3, we wrote the world- 
sheet metric as h a p — h a /3 e?- 4> became one 
of the embedding coordinates, h was chosen ar- 
bitrarily, and we have already said that nothing 
physical can depend on this choice. In particu- 
lar, the world-sheet theory must be completely 
invariant under rescaling the background metric 
h. 

Scale invariance means that all the beta func- 
tions in the theory must vanish. If A m = 0, the 
beta function(al) for the metric g mn in (||) is well- 
known to be to lowest order in a': 




Figure 6. The Open Bosonic String 



We consider the two-dimensional field theory 
that lives on the string world-sheet. There are 
26 world-sheet fields X m (£), all of which obey 
Neumann boundary conditions. The world-sheet 
action is 
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d 2 e d a X m d a X n g mn (X) 
d a X m A m (X)dC . 



(6) 
(7) 



g mn (X) is the embedding space metric, which - 
from the point of view of the world-sheet theory - 
represents the possibility of adding generally com- 
plicated interactions between the fields X rn (there 
is also a tachyon, a dilaton and an antisymmet- 
ric tensor field which we suppress for now). The 
boundary interactions of the world-sheet theory 
are similarly represented in embedding space by 
the 26-dimensional gauge field A m (X). 

A consistency condition in classical string the- 
ory is that the world-sheet theory must be con- 
formally invariant. One way to understand this 



dlog^i 



Rr, 



where R mn is the Ricci tensor of g m n- So we 
get the Einstein equations (in vacuum). More 
generally, the f3 = conditions of 2d field theory 
are, by definition, the string equations of motion. 
The string effective action is defined as the action 
whose variation yields these equations of motion. 
In the low-energy limit, it is given by |[L3|: 



Scr 



avity 



Sea 



o(a') 



with 

^Gravity 
^Gauge 



.26 



2- \fg FmnF 
K 



(8) 
(9) 



where k is the string coupling constant, i?( 26 ) is 
the Ricci scalar and F mn is the field strength of 
the gauge field A m . We see that the gauge cou- 
pling constant is related to the string coupling 
constant by 

9ym = K ■ (10) 

The above action is, to lowest oder in a', the ac- 
tion of Einstein gravity coupled to Maxwell the- 
ory. The a' corrections denote the difference be- 
tween Einstein gravity + Maxwell theory and ex- 
act conformal invariance of the world-sheet the- 
ory. 

In the above, we have considered world-sheets 
with the topology of a disc. We can also allow 
topology fluctuations in the bulk or at the bound- 
ary of the world-sheet (Fig. 7) . Those correspond 
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to string loop corrections - i.e. loop corrections to 
the gravity action and the gauge action, respec- 
tively. Formally, the classical action must then 
be replaced by the full effective action. For the 
bosonic string, this is of course not well-defined 
but for the superstring it is. 




Figure 7. Two types of loop corrections 



For the moment, though, let us stay with clas- 
sical string theory and now restrict the boundary 
of the world-sheet to lie on a Dirichlet 3-brane. 
This is done by switching the boundary condi- 
tions for all but four of the world-sheet fields 
X rn from "Neumann" to "Dirichlet". Then the 
Maxwell theory is also restricted to live on the 
3-brane. SQ auge becomes a 4-dimensional action, 
delta-function restricted to the brane: 

& = ^Grivity + Sal-age X ^ ( x ) (H) 

The fields that SqI contains are the 26 com- 
ponents of the gauge field A m as before, but now 
they split up into the 4 components parallel to the 
brane which make up a 4-dimensional Maxwell 
field A^, plus the 22 components transverse to 
the brane. The latter just become scalar fields 
that live on the brane. 

So we learn two interesting things from bosonic 
string theory: first of all, the embedding space 
metric cannot be anything. It must obey - to 
lowest order in a' - the Einstein equations derived 
from the action (0). Away from the brane, this 
implies 



Second, there is a dynamical gauge field A^ 
that lives on the 3-brane. This helps answering 
a question: in the first part of the talk we have 
started with a 4-dimensional gauge theory and 
looked for its "dual" string theory. Given such 
a string theory, how can we recover the original 
gauge field? We would like to identify it with the 
3-brane gauge field we have just found. However, 
so far this is only an abelian gauge field. To get a 
nonabelian gauge field we must consider a gener- 
alization: Instead of a single D-brane we formally 
consider a set of N D-branes sitting on top of each 
other (figure 8). The Wilson loop now carries a 
"color" index running from 1 to N (labelling the 
D-brane on which it ends), and one can argue that 
the Maxwell field is replaced by a SU(N) gauge 
field Q. 

6. Superstrings 

How is the discussion modified if we consider 
type IIB superstring theory instead of bosonic 
string theory? One modification is quite ex- 
pected: the gauge theory that lives on the brane 
also becomes supersymmetric. The other cru- 
cial difference between D-branes in bosonic string 
theory and D-branes in superstring theory is that 
the latter are charged. Let us begin with the first 
modification. 

In the case of the superstring, there are only 10 
(and not 26) embedding coordinates X m . Viewed 
as world-sheet fields, four of them (say X^ with 
/i G {0,1,2,3}) obey Neumann boundary con- 
ditions, and six of them (denoted by X*,t G 
{4,..., 9}) obey Dirichlet boundary conditions. 
We will denote by X 4 the radial coordinate of this 
transverse space, and by X 5 , ...,X 9 its angles. 

If the world-sheet boundary could lie anywhere 
in the embedding space (i.e. if all coordinates 
had Neumann boundary conditions), the gauge 
theory would be 10-dimensional super- Yang Mills 
theory which contains the gauge field A m and a 
gaugino ip with 16 spinor components. But since 
the Yang-Mills theory is restricted to the 3-brane, 
A m splits up into a 4-dimensional gauge field 
A^ plus six scalars Ai, while the 10-dimensional 
gaugino splits up into four 4-dimensional gaug- 
inos i\) a (since 4-dimensional gauginos have only 
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four spinor components) . This results in precisely 
the field content of N = 4 supersymmetric Yang- 
Mills theory. So this is why one expects a dual 
gauge theory with up to 4 supersymmetries. So 
much for the first modification. 

Next, let us discuss in what sense the 3-branes 
are "charged" . In the case of the bosonic string, 
the bulk theory was 26-dimcnsional bosonic grav- 
ity. In the case of type IIB superstring theory, the 
bulk theory is what is called "type IIB supergrav- 
ity" jnj in the 10-dimensional embedding space. 
Apart from the metric g m m type IIB supergravity 
contains a variety of fields. But the only one that 
we need to mention here is the so-called self-dual 
Ramond-Ramond 4-form gauge field . This 
is an antisymmetric tensor field with 5-form field 
strength F^ 5 \ The gauge invariance consists of 
adding to the total derivative of a 3-form 
A^ 3 ). "Self-duality" means that is equal to 
its dual *F^: 



in 10 dimensions is replaced by the Maxwell field 
strength F^ in 4 dimensions, and the S 5 is re- 
placed by an S 2 surrounding the particle. The 
D-brane is then analogous to a dyon, carrying 
simultaneously electric and magnetic charge. 

Let us conclude our brief review of the relevant 
facts of string theory with the 10-dimensional 
bulk action that replaces SQ^ avity 
tains the terms 



in (hlh. R con- 
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J d w x Vg ± R {w) l9] (15) 



+ / d w x F mnvqr F mn ^ .(16) 



As a result, the Einstein equations away from the 
brane change to 



Rn 



abed 



(17) 



F^ = dAC* 4 > 
SC^ = dA& 
F (5) = *F (5) 



(12) 

(13) 
(14) 



In other words, the electric flux F^ emanating 
from the branes carries energy-momentum and 
therefore curves the 5-dimensional space-time. 
Let us next discuss what the curved space looks 
like. 



The 10-dimensional "gauge field" must of 7. Anti-de Sitter space 



course not be confused with the 1-form that 
lives only on the 3-brane. 

It is this 4-form gauge field , with respect to 
which - as realized by Polchinski [Q - the 3-brane 
is charged: 3-branes are sources of "electric field 
strength" -F01234 (again, "4" denotes the radial 
direction of the transverse space). Each 3-brane 
carries one unit of Ramond-Ramond charge: 



N 



where the 5-sphere S 5 surrounds the 3-brane in 
10 dimensions. Moreover, because of self-duality, 
there is also a component -F56789 : each brane also 
carries one unit of magnetic charge: 



ir(5) 



N 



S5 



Here it is useful to think of a D-brane in 10- 
dimensional type IIB superstring theory as an 
an analog of a charged particle in ordinary 4- 
dimensional Maxwell theory. In this analogy, F^ 



From now on we will consider the 10-dimen- 
sional string theory, "compactified" down to five 
dimensions. These five dimensions will now be 
denoted by x m with m G {0,1,2,3,0}. The 
remaining coordinates x l with i G {5,6,7,8,9} 
parametrize the compact manifold A 5 , whose size 
and shape we take to be constant, i.e. inde- 
pendent of the x m . All fields g m n,C^ are as- 
sumed to be independent of the compact coordi- 
nates x l . The 3-branes are again parametrized 
by a; M , fi £ {0,1,2,3} and are assumed to be 
"smeared out" over K 5 . 

The 3-branes are then analogous to charged 
capacitor plates: the electric charge of the 4- 
dimensional branes simply creates a constant den- 
sity of electric flux ^0123^ in the 5-dimensional 
space-time. This density is proportional to A, 
because there are N branes. It is also inversely 
proportional to the Volume Vo\k of the 5-dimen- 
sional compactification space K 5 , because - upon 
replacing the S 5 by K 5 in the previous section 
- the integral of F^ over A 5 gives one unit of 
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X 




} electric/magnetic flux 



Anti-de-Sitter space 



Figure 8. Charged D-branes 



charge: 



Ft 



01230 



N 
VoT 



K 



Here, is the determinant of the 5-dimensional 
metric g mn . From the Einstein equation (|l7|) we 
see that the curved space is anti-de Sitter space, 
Rmn oc —g m n- it has constant negative curvature 
scalar 



R 



F0123&F 



■01230 



Vol 



K 



To determine the volume of K 5 , we write the met- 
ric on K 5 as 



ds 2 K 



l 2 de 2 



where 6 are angular coordinates on K 5 (e.g. 
dO 2 = df2§ for K 5 = S 5 ). Because the 5-form 
is self-dual, the Einstein equation (|l~7| ) tells 
us that K 5 is an Einstein manifold, Rij oc +gij, 
whose Ricci scalar 



Rk 



k 2 N 2 



Vol 



A" 



has the opposite sign but the same magnitude as 
that of the anti-de Sitter space-time. Since the 
Ricci scalar is ~ L~ 2 and VoIa" ~ L 5 we conclude 
that the curvature radius is 



Vcr 



(18) 



Here we have reinstated ol to make L dimension- 
less. 

To summarize, the N branes carry "Ramond- 
Ramond charge" , and the resulting flux curves 
the five-dimensional space, thereby turning it into 
anti-de Sitter space. One way of writing the met- 
ric on anti-de Sitter space is 



ds 2 = dcf> 2 



2 

cxp{- — (<p - 0o)} dx 



II 



(19) 



Here, Xu denotes the coordinates x^ parallel to 
the D-branes, and we are assuming that the 
branes are to the left. Note however that there is 
a free parameter ^>o; it will be given an interpre- 
tation later. 

We have derived this result to lowest order in 
a' and for a surface with disc topology. Let us 
discuss corrections to this result [|| 7) . We have al- 
ready mentioned three types of corrections. First, 
there are corrections in a' . Those come out to be 
proportional to 



a 'i?(io) „ ^_ 

JT2 



1 



1 



where A = g 2 N = kN is the coupling constant of 
the super- Yang-Mills theory, using ( |i~C| , |i~8| ). So 
the anti-de Sitter space solution that we have 
found in the supergravity approximation to su- 
perstring theory can be trusted (away from the 
brane) as long as the super- Yang-Mills coupling 
constant A is strong. As A is decreased, one has 
to replace the supergravity equations of motion 
by the conditions of exact conformal invariance 
of the world-sheet theory. 

The second type of correction comes from 
topology fluctuations on the world-sheet bound- 
ary, as in figure 7. Those correspond to loop cor- 
rections to the super- Yang-Mills theory, which are 
power series in A and therefore large. As a result, 
the classical action Sq e is replaced by the full 
quantum effective action Y±. So our supergravity 
solution contains information about this effective 
action in the limit of large A - precisely the limit 
we were interested in! On the other hand, the su- 
pergravity solution is not appropriate in the per- 
turbative regime of small A. 

The third type of corrections is due to topol- 
ogy fluctuations in the bulk of the world-sheet. 



10 



Those correspond to loop corrections to super- 
gravity. They come out to be proportional to 



1 



This is precisely what one expects from a string 
theory that describes a gauge theory: non-planar 
diagrams are suppressed by powers of ! In par- 
ticular, the limit N — > oo can be taken, in which 
the classical supergravity solution can be trusted 
and string loop corrections can be neglected. 

8. Scales and Wilson loops 

We would like to conlude this review with the 
project that is suggested by figure 3: to compute 
a Wilson loop by computing the minimal area of 
the string world-sheet which it bounds. What we 
have learned in the meantime is that this world- 
sheet lives in a 5-dimensional curved space with 
anti-de Sitter metric ([l9|), while its boundary (the 
Wilson loop) lives on a flat four-dimensional hy- 
persurface located at = 0. 

Before the Wilson loop can be computed, the 
free parameter (f>o in the metric (|l^) must be in- 
terpreted, because obviously the result will de- 
pend on it. The interpretation is that <po de- 
fines the scale in the gauge theory in the following 
sense: a scale transformation 

x\\ —>■ e T X|| (20) 

of the 4-dimensional physical space parametrized 
by a; 1 1 is equivalent in ( |Ts| ) to a shift of (/)q: 

4> -» 4> + Lt . (21) 



It is useful to redefine 



L e 



so that the metric becomes independent of the 
free parameter (/)q: 



L 2 

ds 2 = — (dz 2 + dxf,) 



(22) 



We see that anti-de Sitter space has a boundary 
at z = 0. (f>o now enters in terms of the location 
of the branes. The branes sit at 6 = 0, i.e. at 



From ( |20| , |2l| ) we then see that translating the D- 
branes in z corresponds to probing different scales 
in the four-dimensional gauge theory. And in par- 
ticular, going to the ultraviolet limit <po ~ ¥ 00 
of the gauge theory corresponds to placing the 
branes at the boundary z = of anti-de Sitter 
space (compare with Jl^]). In the following com- 
putation, zq will be regarded as an ultraviolet cut- 
off. The gauge theory on the brane is then the 
bare gauge theory, while properties of the renor- 
malized gauge theory will be read off from the 
interior of anti-de Sitter space. As Zq is taken to 
zero, the bare parameters will be adjusted to keep 
these renormalized parameters fixed. 

So let us illustrate these remarks at the exam- 
ple of the Wilson loop in the large-A^, large-A 
limit, outlining a calculation by Maldacena and 
by Rey and Yee fil. 



Boundary of AdSc 



4 



x=0 



divergence 
vworld-sheet 




Figure 9. Computing Wilson loops 



In Minkowski space, it is convenient to let the 
"loop" consist of two lines of length T paral- 
lel to the time axis, separated by a spatial dis- 
tance We define / to be measured in the met- 
ric dx 2 ^ (rather than ^dx 2 ^). A constant time 
slice through the world-sheet is a line z(x) in the 
x — z— plane, as drawn in figure 9. We denote by 
z* the maximal value of z, 



Z = Zq 



11 



and pick the origin of the a;-axis such that x = 
for z = z* . The Nambu-Goto action (the area of 
the world-sheet) becomes T ■ E, where 



E 



dx — y/i + ( z '(x)) 2 



(23) 



is the energy of a pair of oppositely charged par- 
ticles, separated by the distance 

I = 2x(zq) ■ 

The equations of motion of this action can be seen 
to yield the following minimal area world-sheet: 



\x(z)\ 



(24) 



C 1 



Let us now define the continuum limit as fol- 
lows: as discussed above, we think of the gauge 
theory on the brane as the bare gauge theory with 
ultraviolet cutoff zq. We take this cutoff zq to 
zero, thus placing the branes at the boundary of 
anti-de Sitter space. Keeping the renormalizcd 
physics fixed means keeping z* fixed. This re- 
quires adjusting /, which has a finite limit: 



l(z ) = 2x(z ) 



(27T)f 



as zq 



(On top of this, I has a dimension, but this has 
already been taken care of by measuring I using 
the metric dx?,.) 

Next, we can compute the area of the minimal 
area world-sheet by differentiating (|24|) and plug- 
ging the result into (|23|). In the limit zq — ► 0, the 
area diverges because 



x(z) ~ z 3 + const, near z = 



The divergence is equal to the length of the two 
dashed lines the figure. Its interpretation is the 
following: The energy E consists of two contribu- 
tions: one from the electrostatic attraction of the 
charged particles, and the other one from their 
mass. In computing the Wilson loop, the lat- 
ter must be subtracted; it is equal to the energy 
of massive uncharged particles. The dashed lines 
just represent the world-sheets of such uncharged 



particles. Subtracting this divergence and per- 
forming the integral, one finds [Q : 



E = - 



4V2V 
W 



i 



(25) 



What do we learn from this result? First, we see 
that the energy obeys a Coulomb law, rather than 
being linear in I as would have been expected in 
a confining theory. Indeed, the AT = 4 theory is 
conformally invariant and not confining. 

So the Wilson loop does not obeys an area law. 
In the above calculation this arises essentially be- 
cause the world-sheet drops towards the center of 
AdS so quickly that the bulk of the world-sheet 
gives a vanishing contribution to its area. A con- 
fining theory would have to be described by a 
different 5-dimensional geometry (not AdS$), in 
which the world-sheet cannot drop to the center 
(see ||). 

What is unexpected in ( |25| ) is the factor VA: 
perturbatively one would have expected a factor 
of A = g 2 N. So this is an example of a non- 
trivial claim of the string representation of non- 
perturbative N=4 supersymmetric gauge theory 
§■ 

9. Outlook 

To conclude, at least for the conformally in- 
variant N=4 supersymmetric version of large-N 
Yang-Mills theory we now seem to have a strong- 
coupling description in terms of a particular 5- 
dimensional string theory, expanded around an 
AdS§ background. Previously, explicit string rep- 
resentations for Yang-Mills theories have been 
known only in the two-dimensional case p0[ . 

Much work has followed this "discovery" , of 
which I will mention just a few examples. First, 
one can also compute the correlation functions 
of local operators, following Gubser, Klebanov, 
Polyakov g and Witten This has been used 
to predict the scaling dimensions of various oper- 
ators in the large- N, large-A limit . 

Second, replacing the compactification man- 
ifold S 5 by a more general Einstein manifold 
K 5 , the dual string theories have been identified 
as certain exotic conformally invariant, but not 
always supersymmetric four-dimensional gauge 
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theories [y_7[. To identify them, it helps to com- 
pare global symmetries. E.g., the SO(6) symme- 
try of the S 5 calls for being identified with the 
SU(4) — SO (6) R-symmetry of the TV = 4 super- 
Yang-Mills theory that rotates the four gauginos 
into each other Qj. All these theories must be 
conformal, as the SO(2, 3) symmetry of AdS$ re- 
flects the SO (2, 3) conformal group in four di- 
mensions. So there appears to be a rich set 
of RG fixed points and flows between them in 
four-dimensional gauge theory. The author's own 
work in this context can be found in |2jJ]. 



z=0 



z = 5th dimension 

Pfaffian Particle 

♦ — Glueball 



Instanton 
Wilson loop AdS £ 



4-dim. boundary 



Figure 10. Objects in strongly coupled N=4 su- 
persymmetric gauge theory 



Third, it has been pointed out that the 5- 
dimensional AdS-space is in fact populated with 
all kinds of elementary and solitonic objects. E.g., 
instantons in the Yang-Mills theory have been 
identified with instantons of the 5-dimensional 
string theory, with their position in the fifth di- 
mension just representing the scale modulus of 
the instanton solution p2| . Furthermore, it is an 
old conjecture that baryons appear as solitons in 
the QCD string theory. In our case there is no 
chiral matter, and there are no baryons - but in 
the case of SO(N) gauge theory there are analogs 
of baryons, the "Pfaffian particles" . Those have 
indeed been identified with string theory solitons 



- namely five-branes, wrapped over the K 5 |23j| . 
These and other objects are symbolically drawn 
in figure 11. 

So far we have been discussing the J\f = 
4 supersymmetric or other conformally invari- 
ant versions of SU(N) gauge theory. But what 
about the standard, asymptotically free non- 
supersymmetric Yang-Mills theory we started 
with? Can we draw a similar picture as in fig- 
ure 10? 

There is a suggestion due to Witten how 
to generalize the string representation to non- 
supersymmetric gauge theory in principle (ljj. 
Using this prescription, some qualitative features 
such as confinement have been argued to emerge 
as expected | p4| . There is even a quantitative 
computation of glueball masses (see e.g. [^0[). 
However, the problem is that this defines a the- 
ory with strong bare coupling A. As mentioned 
in the beginning, what we need in the non- 
supersymmctric case is weak bare coupling and 
strong renormalized coupling. Just as in lattice 
gauge theory at strong bare coupling, there is no 
reason to expect the results for glueball masses, 
etc., to be universal (^4|. Universal results are 
only expected in the continuum limit 







A,, 



1 



I log a| 



Can this limit be studied in the string theory rep- 
resentation? Since A — > 0, the supergravity solu- 
tion can no longer be trusted. Instead one has to 
sum up all the a'-corrections. In other words, one 
needs an exact two-dimensional conformal field 
theory. 

Many exact conformal field theories in two di- 
mensions are known, but none of them includes 
the 'Ramond-Ramond' background F^ 5 ' that we 
need here. So here is the problem that needs to 
be solved before one can decide whether bosonic 
SU(N) gauge theory is "dual" to a simple string 
theory: extend the current algebra methods of 
conformal field theory to the case of a self-dual 
Ramond-Ramond background! 

Whether this can be done or whether it is as 
intractable as the perturbative approach to QCD 
remains to be seen. 
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NOTE: 

One aspect in which this review deviates from 
the standard treatment of the subject should be 
mentioned. Usually, the 3-branes are introduced 
in 10 dimensions. Then one goes to the near- 
horizon limit of the resulting geometry, which is 
AdSs x S 5 . Here we basically first "compactify" 
on the S 5 and then indroduce D-branes in 5 di- 
mensions (section 7). Then there is no need to 
go to a near-horizon limit: the 5c? geometry is 
automatically AdS$ everywhere. The embarass- 
ment of having to explain six new coordinates (in- 
stead of only one) also disappears. Moreover, the 
branes are now "inside the geometry" before the 
continuum limit of the gauge theory is taken. The 
continuum limit automatically moves them to the 
"correct" end of AdS§ - the boundary (section 8) . 



REFERENCES 

1. Kenneth G. Wilson, Confinement of Quarks, 
Phys.Rev. D10: 2445-2459,1974. 

2. G. 't Hooft, A Planar Diagram Theory for 
Strong Interactions, Nucl.Phys. B72 (1974) 
461. 

3. See as a source of many of the arguments 
in this talk: A.M.Polyakov, Gauge Fields 
and Strings, Harwood Academic Publishers, 
Chur, 1987. 

4. J. Polchinski, Dirichlct-Branes and Ramond- 
Ramond Charges, Phys.Rev. Lett. 75 (1995) 
4724. 

5. A. Polyakov, String Theory and Quark Con- 
finement, Nucl. Phys. Pr. Suppl. 68 (1998) 1. 

6. I.R. Klebanov, World Volume Approach to 
Absorption by Non-dilatonic Branes, Nucl. 
Phys. B496 (1997) 231. 

7. J.M. Maldacena, The Large N Limit of Su- 
perconformal Field Theories and Supergrav- 
ity, Adv. Theor. Math. Phys. 2 (1998) 231. 

8. S.S. Gubser, I.R. Klebanov, A.M. Polyakov, 
Gauge Theory Correlators from Non-Critical 
String Theory, Phys.Lett. B428 (1998) 105. 

9. E. Witten, Anti de Sitter Space and Hologra- 
phy, Adv. Th. Math. Phys. 2 (1998) 253. 

10. O. Aharony, S. S. Gubser, J. Maldacena, H. 



Ooguri, Y. Oz, Large N Field Theories, String 



Theory and Gravity, |hep-th/9905111 



12 



13 



11. A.M. Polyakov, Quantum Geometry of Boso- 
nic Strings, Phys. Lett. 103B (1981) 207. 
See e.g. A. A. Migdal, Loop Equations and 
the 1/N Expansion, Phys.Rept. 102: 199- 
290,1983. 

E.Fradkin and A. Tseytlin, Effective Field 
Theory from Quantized Strings, Phys.Lett. 
158B (1985) 316; C.Callan, D. Friedan, E. 
Martinec and J.Perry, Strings in Background 
Fields, Nucl.Phys. B262 (1985) 593. 
14. E. Witten, Bound States of Strings and p- 
Branes, Nucl.Phys. B460 (1996) 335. 
J.H. Schwarz, Covariant Field Equations of 
Chiral N=2 D = 10 Supergravity, Nucl.Phys. 
B226 (1983) 269. 

Lenny Susskind, Edward Witten, The Ho- 



15 



16 



17. 



18. 



19. 



20. 



21. 



lographic Bound in Anti-de Sitter Space, hep- 



th/9805114 



I.R. Klebanov, E. Witten, Supcrconformal 
Field Theory on Threebranes at a Calabi-Yau 
Singularity, Nucl.Phys. B536 (1998) 199. 
Juan M. Maldacena, Wilson Loops in Large 
N Field Theories, Phys.Rev. Lett. 80 (1998) 
4859; Soo-Jong Rey, Jungtay Yee, Macro- 
scopic Strings as Heavy Quarks in Large-N 
Gauge Theory and Anti-de-Sitter Supergrav- 



ity, |hep-th/9803001 



Edward Witten, Anti-dc Sitter Space, Ther- 
mal Phase Transition, and Confinement in 
Gauge Theories, Adv. Theor. Math. Phys. 2 
(1998) 505. 

E.g., David J. Gross and Washington Taylor, 
Two Dimensional QCD is a String Theory, 
Nucl.Phys. B400 (1993) 181. 
C. Schmidhuber, AdS-Flows and Weyl Grav- 



ity, hep-th/9912155 



22. E.g., Massimo Bianchi, Michael B. Green, 
Stefano Kovacs, Giancarlo Rossi, Instantons 
in Supersymmetric Yang-Mills and D Instan- 
tons in IIB Superstring Theory, JHEP 9808 
(1998) 013. 

Edward Witten, Baryons and Branes in Anti 
de Sitter Space, JHEP 9807 (1998) 006. 
David J. Gross, Hirosi Ooguri, Aspects of 
Large N Gauge Theory Dynamics as Seen by 
String Theory, Phys.Rev. D58 (1998) 1062. 



23 



24 



